In complex biological or colloidal samples, magnetic relaxation dispersion (MRD) experiments using the field-cycling technique can characterize molecular motions on time scales ranging from nanoseconds to microseconds, provided that a rigorous theory of nuclear spin relaxation is available. In gels, cross-linked proteins, and biological tissues, where an immobilized macromolecular component coexists with a mobile solvent phase, nuclear spins residing in solvent (or cosolvent) species relax predominantly via exchange-mediated orientational randomization (EMOR) of anisotropic nuclear (electric quadrupole or magnetic dipole) couplings. The physical or chemical exchange processes that dominate the MRD typically occur on a time scale of microseconds or longer, where the conventional perturbation theory of spin relaxation breaks down. There is thus a need for a more general relaxation theory. Such a theory, based on the stochastic Liouville equation (SLE) for the EMOR mechanism, is available for a single quadrupolar spin I = 1. Here, we present the corresponding theory for a dipole-coupled spin-1/2 pair. To our knowledge, this is the first treatment of dipolar MRD outside the motional-narrowing regime. Based on an analytical solution of the spatial part of the SLE, we show how the integral longitudinal relaxation rate can be computed efficiently. Both like and unlike spins, with selective or non-selective excitation, are treated. For the experimentally important dilute regime, where only a small fraction of the spin pairs are immobilized, we obtain simple analytical expressions for the auto-relaxation and cross-relaxation rates which generalize the well-known Solomon equations. These generalized results will be useful in biophysical studies, e.g
I. INTRODUCTION
Nuclear spin relaxation is among the most powerful and versatile techniques available for studying molecular motions in liquids and solids. 1 However, in complex biological or colloidal samples, where motions occur on multiple time scales, the interpretation of single-field spin relaxation data tends to be model-dependent. This ambiguity can be minimized by measuring, with the aid of the field-cycling technique, 2-4 the longitudinal relaxation rate R 1 over a correspondingly wide field/frequency range. For a quantitative analysis of such magnetic relaxation dispersion (MRD) data, a rigorous theoretical link between R 1 and the molecular parameters is needed.
Typically, this link is provided by the Bloch-WangsnessRedfield (BWR) theory of nuclear spin relaxation. 1, 5 This perturbation theory is valid when the molecular motion is fast compared to the nuclear interaction (in frequency units) that it modulates, as is usually the case in liquids. But MRD experiments are increasingly performed on samples where this so-called motional-narrowing condition may be violated. For a) Author to whom correspondence should be addressed. Electronic mail:
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example, this is the case in samples containing immobilized macromolecules immersed in a mobile solvent, e.g, polymer hydrogels, cross-linked proteins, or more complex biological samples like cells and tissues. From a nuclear magnetic resonance (NMR) point of view, such samples have both solid-like and liquid-like features. Nuclear spins residing permanently in the immobilized macromolecules give rise to wide NMR spectra typical of solids. However, for spins that are only transiently associated with the macromolecules and exchange chemically or physically with the solvent phase, the NMR properties are liquid-like provided that the immobilized macromolecules are isotropically distributed so that anisotropic nuclear spin couplings are averaged out. In such samples, the need to go beyond the conventional BWR theory arises whenever the mean survival time of the macromolecule-bound spin is comparable to, or longer than, the inverse of the anisotropic nuclear spin coupling that it experiences in the bound state.
In samples of this kind, exchange plays a dual role. On the one hand, exchange transfers magnetization between the macromolecule and the solvent. On the other hand, exchange randomizes the orientation of the anisotropic nuclear spin interaction tensor and thereby induces spin relaxation. For this relaxation mechanism, known as exchange-mediated orientational randomization (EMOR), 6 the motional-narrowing regime coincides with the fast-exchange regime. We have recently presented a general theory of nuclear spin relaxation by the EMOR mechanism for the case of a single spin I = 1 with an asymmetric quadrupole coupling. 6 This non-perturbative theory is based on the stochastic Liouville equation 7, 8 and it is valid for arbitrary values of the exchange time, quadrupole coupling, and Larmor frequency.
Here, we present the corresponding theory for a dipolecoupled spin-1/2 pair. While the BWR theory of dipolar relaxation of a spin-1/2 pair is well established, 1, 5, 9, 10 only a few studies have considered dipolar relaxation outside the motional-narrowing regime. The stochastic Liouville equation has been solved numerically to obtain lineshapes for an intramolecular dipole coupling modulated by rotational diffusion 11 or for an intermolecular dipole coupling (with the nonsecular parts neglected) modulated by translational diffusion. 12 Another numerical study of this kind considered longitudinal intramolecular dipolar relaxation in the presence of a fast internal motion, but only in the high-field limit. 13 Here, we present numerical as well as analytical results for longitudinal relaxation of like and unlike spin-1/2 pairs with a dipole coupling (including the nonsecular parts) modulated by the EMOR mechanism. Special attention is devoted to the experimentally important dilute regime, where only a small fraction of the spins are associated with immobilized macromolecules. For this regime, we obtain highly accurate analytical approximations that generalize the well-known BWR results for the auto-relaxation and cross-relaxation rates. 1, 14 A major motivation for the present work is the need for a rigorous theory of the water 1 H MRD from gels and biological tissues. The spin-1/2 pair may then be identified with either the two protons in a water molecule or with a labile macromolecular proton and another (labile or nonlabile) proton. In the past, such data have been interpreted [15] [16] [17] with semi-phenomenological models involving dubious assumptions about the relaxation-inducing motions. 18, 19 Previous water 1 H MRD studies of biopolymer gels from this laboratory 19, 20 made use of a nonrigorous extension of the multi-spin Solomon equations to conditions outside the motional-narrowing regime. For a two-spin system, this approach 18 is closely related to a well-known result 21 for twophase relaxation in the dilute regime. With the rigorous results presented here, the accuracy of this approximation can be assessed. The results presented here may also be seen as the first step towards a rigorous theoretical foundation of relaxation contrast in magnetic resonance imaging of soft tissues, in particular, in conjunction with field cycling. 22 The outline of this paper is as follows. Section II summarizes the salient features of the dipolar EMOR model. Further details can be found in the preceding EMOR publications. 6, 23 An overview is presented of the three exchange scenarios treated here, where the two spins exchange together, where only one of them exchanges or where they exchange independently. In Sec. III, we treat the stochastic Liouville equation and its analytical solution. This section closely parallels the corresponding development for the spin I = 1 case, except that the spin Liouville space is now spanned by 16 (rather than 9) spin operators.
In Sec. IV, we calculate the MRD for unlike (heteronuclear) spin pairs with selective or non-selective excitation. Rather than computing the time evolution of the magnetization and extracting R 1 from an exponential fit, 13 we focus on the integral relaxation rate R 1 , defined as the inverse of the time integral of the normalized magnetization. This quantity can be obtained more directly and, moreover, it is welldefined (and measurable) whether relaxation is exponential or not. For samples with an abundant solvent phase (i.e., in the dilute regime), relaxation is usually found to be exponential within experimental accuracy. The integral rate R 1 can then be identified with the usual longitudinal relaxation rate R 1 . We derive analytical approximations for the auto-relaxation and cross-relaxation rates that make up R 1 and we show that these simple results are highly accurate. We also consider various limiting cases of the general theory and we delineate the quantitative breakdown of the previously used nonrigorous extension of the Solomon equations. [18] [19] [20] In Sec. V, we calculate the MRD for like (homonuclear) spin pairs, e.g., two protons, along the same lines as in Sec. IV. Finally, in Sec. VI, we generalize the basic EMOR model by including the effects of fast internal motions in the macromolecular and solvent phases as well as the effect of kinetic heterogeneity. Lengthy derivations are relegated to Appendices A-F of the supplementary material.
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II. MODEL
A. Spin Hamiltonian
We consider an ensemble of "isolated" nuclear spin pairs with I = S = 1/2. Each spin is subject to a Zeeman (Z) coupling with the external magnetic field B 0 and the two spins experience a mutual magnetic dipole (D) coupling. The molecular system is spatially heterogeneous and this is modeled by assigning each spin pair to either of two states. In the isotropic bulk (B) state, the dipole coupling is averaged to zero, leaving only the Zeeman coupling. (Previously, 6 the B state was denoted by I.) In the anisotropic (A) state, the spin pair experiences, in addition to the Zeeman coupling, a (residual) dipole coupling.
The relative equilibrium population of spin pairs in the two states is denoted by P A and P B = 1 − P A . The A and B state populations are chemically homogeneous, but each of the N A spin pairs in the A state is distinguished by the orientation α of the internuclear vector r I S relative to the B 0 field. We refer to these distinguishable members of the A state as sites and label them with the index α = 1, 2, . . . , N A . For notational convenience, we use the site label α = 0 to refer to the B state. It follows then that site populations P α are related to state populations as follows: P α = P B for α = 0 and
The spin Hamiltonians for the two states are
1a)
The Zeeman Hamiltonian is 
where the T 2 m (11) are two-spin irreducible spherical tensor operators (Sec. III A), the C 2, m ( α ) are (unnormalized) rank-2 spherical harmonics, 25 and α ≡ (θ α , ϕ α ) are the spherical polar angles that specify the orientation of the internuclear vector r I S in site α with respect to the lab-fixed frame (with the z axis along the B 0 field). To simplify the analytical results, we define the dipole frequency ω D as 4) with the dipole coupling constant χ D (in rad s −1 ) given by
The dipole frequency ω D is taken to be the same in all A sites (this restriction is lifted in Sec. VI), which then differ only in the orientation α . The electron-mediated scalar coupling between spins I and S can be ignored here since it is generally much weaker than the dipole coupling (2π |J IS | ω D ). The scalar coupling therefore does not contribute significantly to longitudinal relaxation by the EMOR mechanism, where both couplings are modulated by the same exchange process. Were it not for this exchange averaging, the scalar coupling should have been incorporated into the time-independent Hamiltonian along with H Z . A homonuclear spin pair would then be strongly coupled at low field and weakly coupled at high field. 26, 27 In the two-spin EMOR model, a homonuclear spin pair is always strongly coupled due to the large dipole coupling.
B. Like and unlike spins
We refer to spins I and S as "like" if 6) where τ A is the mean survival time of the spin pair in an A site (Sec. II C). If this inequality is satisfied, we can set ω I = ω S and only the magnetic triplet state of the spin pair is relevant. The relaxation behavior of the dipole-coupled spin-1/2 pair is then analogous to that of a single spin I = 1 with a uniaxial quadrupole coupling, 6 except that the quadruple frequency ω Q is replaced by the dipole frequency ω D . In practice, the like-spin case applies to homonuclear (γ I = γ S ) spin pairs, in particular when both I and S are proton spins. If the inequality (2.6) is not satisfied, we refer to the spins as "unlike." In practice, this case applies to all heteronuclear (γ I = γ S ) spin pairs. Results for the unlike-spin case are presented in Sec. IV, whereas the simpler like-spin case is considered in Sec. V.
C. Exchange scenarios
In the basic version of the EMOR model, relaxation is induced exclusively by the physical or chemical exchange of spins or spin pairs among sites. (In Sec. VI, we generalize the EMOR model to include effects of internal motions.) We distinguish three exchange cases: IS exchange, I exchange, and I/S exchange.
For IS exchange the intact spin pair exchanges physically without any covalent bond breaking. Like-spin IS exchange is best exemplified by the protons of a water molecule exchanging between the bulk solvent (B state) and an internal hydration site (A state) in a sample of immobilized macromolecules. In general, the two water protons are not magnetically equivalent in an internal hydration site, but the inequality (2.6) is satisfied so we can set ω I = ω S . An example of unlike-spin IS exchange is 1 H-19 F in the HF molecule or in partially fluorinated ethanol or acetate.
From a spin-dynamical point of view, IS exchange of a dipole-coupled spin pair is equivalent to exchange of a quadrupole-coupled single spin. 6 In both cases, exchange randomizes the orientation of the interaction tensor effectively instantaneously because, in the B state, the molecule rotates on a time scale that is short compared to the mean survival time τ A in an A site. 6, 28 The spin dynamics can then be described by a stochastic Liouville equation involving an exchange operator W with the nonzero matrix elements in the site basis given by
7b)
where α ≥ 1 refers to an A site. Furthermore, the populations and mean survival times in the two states are linked by the equilibrium condition
An example of like-spin I exchange is a labile proton (I), such as a hydroxyl proton in a serine side-chain, dipolecoupled to a nearby nonlabile proton (S), such as a methylene proton next to the serine hydroxyl group. In this case, only the I spin undergoes exchange, e.g., between an immobilized hydroxyl group and bulk H 2 O. I exchange modulates both the length and orientation of the internuclear vector r I S . Moreover, the orientational randomization is slower than for IS exchange (typically, nanoseconds rather than picoseconds) because it involves translational diffusion of the I spin (typically on a nanometer length scale). Nevertheless, because of its r −3 I S dependence, the dipole coupling is strongly attenuated Downloaded 14 Oct 2013 to 130.235.27.31. This article is copyrighted as indicated in the abstract. Reuse of AIP content is subject to the terms at: http://jcp.aip.org/about/rights_and_permissions once the I spin has exchanged. Moreover, the time scale for diffusional averaging of the tiny residual dipole coupling is typically short compared to τ A . Therefore, also for I exchange, we can regard the EMOR process as effectively instantaneous.
An example of unlike-spin I exchange is a labile proton (I) covalently attached to a nitrogen atom (S), e.g., in a lysine, arginine, or histidine side-chain. The results presented in Sec. IV are valid for 15 N (S = 1/2), as in an isotope-labeled immobilized protein, but not for 14 N (S = 1). In the latter case, the dipole coupling is expected to be averaged out by fast (microsecond) quadrupolar 14 N relaxation rather than by proton exchange, which typically is much slower. 29 Because the I spin then undergoes "dipolar relaxation of the second kind," the mean survival time τ A does not play the role of correlation time, as it does in the EMOR mechanism. For amide protons, τ A is too long for this process to contribute significantly to I-spin relaxation. On the other hand, a more rapidly exchanging nearby proton, dipole-coupled to the amide proton, might mediate resonant cross-relaxation at the discrete MHz frequencies that correspond to transitions between the three nondegenerate eigenstates of the static 14 N spin Hamiltonian. 29 Finally, I/S exchange refers to the case where both spins exchange independently, as when both I and S are labile protons. The dipole coupling is then averaged to zero by exchange of either spin. Again, we can use the same kinetic model as for IS exchange, but the correlation time is now shorter than the mean survival time of either spin:
−1 . In summary, the same kinetic model can be used to describe EMOR relaxation in all three exchange scenarios. In each case, the I-S dipole coupling is spatially averaged to zero by the exchange process.
III. STOCHASTIC LIOUVILLE THEORY
A. Spin operator basis
In the direct-product space constructed from the 16-dimensional spin Liouville space (see below) and the (N A + 1)-dimensional site space, the composite spin + site density operator σ (t) evolves according to the stochastic Liouville equation, 7, 8 which we express in operator notation (see Appendix A of the supplementary material 24 ) as
The Liouvillian L = α |α L α α| is a superoperator in the direct-product space and it is trivially diagonal in the site basis. The superoperator
. . ] acts in spin Liouville space, which we represent by the spherical multipole basis, consisting of two-spin irreducible spherical tensor operators
, or 2 and quantum order Q = −K, − K + 1, . . . , K − 1, K, formed as linear combinations of products of single-spin operators of ranks k I and k S (see Appendix B of the supplementary material 24 ). The set of 16 such operators constitutes a complete orthonormal basis for a spin-1/2 pair: 
For numerical work, we use a basis of 15 spin operators (the identity operator can be omitted), for brevity denoted by A n with n = 1, 2, . . . , 15. The explicit form and ordering of the spin operators can be found in Appendix B of the supplementary material. 24 The operators A 1 -A 5 with total projection quantum number Q = 0 are also given in Table I . Two of these operators (A 3 and A 5 ) are actually linear combinations of T K 0 (k I , k S ) operators (Appendix B of the supplementary material). 24 The spin observables are related to a reduced density operator σ (t) , obtained by averaging over the molecular degrees of freedom, 6, 23 
where α|σ (t)|β is the density operator for a sub-ensemble where the spin starts out (t = 0) in site β, with equilibrium population P β , and ends up (at time t) in site α (see Appendix A of the supplementary material 24 ). The projections of the reduced density operator on the basis operators are the so-called state multipoles,
Our focus here is on σ 1(10) 0 (t) and σ 1(01) 0 (t), which are proportional to the non-equilibrium longitudinal magnetizations, I z (t) − I 0 and S z (t) − S 0 , respectively.
Laplace transforming the stochastic Liouville equation (3.1) and averaging over sites as in Eq. (3.3), we obtain
where we have introduced the site-averaged resolvent superoperator
As before, 6 we assume that the number N A of A sites is sufficiently large that α can be treated as a continuous variable with a distribution function f ( ). Furthermore, we assume that this distribution is isotropic,
Because of the rotational invariance implied by Eq. (3.7), any site-averaged superoperator derived from the Liouvillian L, such as the resolvent superoperator U(s) , must share the cylindrical symmetry of the B 0 field. The Liouvillespace Wigner-Eckart theorem then implies that all such superoperators are block-diagonal (Q = Q ) in the multipole representation. 31 For example,
Combination of Eqs. (3.4), (3.5), and (3.8) now yields for the Laplace transformed I-spin longitudinal magnetization
(3.9)
B. Formal solution
To compute the integral relaxation rate, defined in Sec. IV A, we need not compute the full time dependence of the reduced density operator σ (t) . It is sufficient to obtain the time integral, that is, the Laplace transform at s = 0:
. Consequently, we need the siteaveraged resolvent superoperator U(s = 0) , which, for the kinetic model considered here, takes the form
Here, we have introduced the superoperator The angular average in Eq. (3.11) was computed by Lebedev quadrature of order 131, corresponding to 5810 points on the unit sphere. 32, 33 
IV. UNLIKE-SPIN RELAXATION DISPERSION
A. Integral relaxation rate
In the unlike-spin case, only one of the two spins, say I, is observed. Our objective is to describe the relaxation of the longitudinal I-spin magnetization under general conditions, including the slow-motion regime where the conventional BWR theory of spin relaxation fails. Under the conditions (P A 1) of primary interest here, the longitudinal relaxation is generally observed to be exponential. The longitudinal relaxation time can then be identified with the time integral of the normalized non-equilibrium longitudinal magnetization, so the longitudinal relaxation rate can be expressed as
where σ 1 (0) = ∞ 0 dt σ 1 (t) is obtained from Eq. (3.9). Here, and in the following, we use the simplified n label (Table I) to specify components of the spin density matrix and elements of the resolvent supermatrix. The relaxation rate obtained from Eq. (4.1) is referred to as the integral relaxation rate, R 1 . When relaxation is exponential, σ 1 (t) = σ 1 (0) exp (− R 1 t), then R 1 is identical to the longitudinal relaxation rate R 1 . But the integral rate R 1 can be computed and measured even when relaxation is non-exponential. We therefore use a notation that distinguishes (with a caret) the more general integral relaxation rate.
In the case of selective excitation of the unlike spin pair, when only the observed I spin has a nonzero nonequilibrium longitudinal magnetization at t = 0, we obtain from Eqs. (3.9) and (4.1):
where the superscript US refers to unlike spins and selective excitation. (Selective excitation of the S spin is not considered here, since the integral relaxation rate is not useful in this case.) In the case of nonselective excitation, which applies generally to field-cycling experiments with the initial nonequilibrium state prepared by rapidly changing the magnitude of the B 0 field, Eq. (3.9) yields
For a heteronuclear spin pair, we have σ 2 (0) = κ σ 1 (0), with κ ≡ γ S /γ I , so that Eqs. (4.1) and (4.3) yield
B. Dilute regime
In the dilute regime, where only a small fraction of the nuclei reside in state A so that P A 1 and P B ≈ 1, the resolvent superoperator in Eq. (3.10) simplifies to
In the like-spin case (Sec. V), as well as for a single spin I = 1, 6 we can simply drop L Z in Eq. (4.5) because the Q = 0 block of L Z is then a null matrix. In the unlike-spin case, we cannot omit L Z since the Q = 0 block of L Z has off-diagonal elements, proportional to ω I -ω S , linking the two zero-quantum coherences (n = 4 and 5 in Table I and Appendix D of the supplementary material 24 ). However, the longitudinal 3 × 3 block of U(0) is equal to the inverse of the corresponding block of (but differs from the longitudinal block of −1 ). Therefore, the integral relaxation rates 
C. Analytical approximations
Even though the integral relaxation rates can be obtained numerically with modest computational effort, closed-form analytical approximations offer conceptual insight. Analytical results are readily obtained in two limiting regimes. In the motional-narrowing regime, here defined as
the relaxation behavior of a spin-1/2 pair is well-known. 1, 14 For the EMOR model, analytical results can also be obtained, as previously shown for the quadrupolar case, 6, 23 in the lowfield limit, here defined as
In the following, we present analytical results for the dilute regime (P A 1) that are exact in the both of these limits, and, for many purposes, remain sufficiently accurate for all values of τ A , ω D , ω I , and ω S .
The starting point is Eq. (3.5) with s = 0. Operating with U(0) −1 on both members and making use of Eq. (4.5), valid in the dilute regime, we obtain
The second term within brackets can be dropped since (n |L 24 ). Furthermore, in the motional-narrowing and low-field regimes, the Q = 0 block of the block-diagonal supermatrix is itself block-diagonal with a decoupled 2 × 2 magnetization block (n, p = 1, 2). In the motional-narrowing regime, this simplification corresponds to the well-known 9, 10 fact that the magnetizations evolve independently from the longitudinal two-spin order because the corresponding spin operators have different symmetry with respect to total spin inversion. 31 The approximation made here corresponds to neglecting the dynamical coupling between the magnetizations and the two-spin order under all conditions, not just in the motional-narrowing and low-field regimes. In the like-spin case (Sec. V), this amounts to neglecting the dynamical coupling between the (total) magnetization (T 1 0 ∼ I z ) and the rank-2 polarization (T 2 0 ∼ 3I 2 z − 1). In the spin I = 1 case, this was referred to as the exponential approximation. 6 From Eq. (4.9), we thus obtain a closed system of two equations, with solution
where we have defined the generalized auto-relaxation and cross-relaxation rates
Combination of Eqs. (4.1) and (4.10) yields for the integral relaxation rates
By introducing a further approximation, where we neglect cross terms of order [
n with n ≥ 2, we show in Appendices E and F of the supplementary material 24 that the generalized autorelaxation and cross-relaxation rates in Eqs. (4.11a)-(4.11d) can be expressed on the following simple analytical forms,
(4.14) 
where
The rates ρ S and σ SI are obtained by interchanging ω I and ω S everywhere in Eqs. (4.14) and (4.15).
In Fig. 2 , we compare the approximate analytical rates given by Eqs. (4.12)-(4.16) with the corresponding rates computed numerically using Eq. (4.5), which is virtually exact at P A = 10 −3 . The approximate analytical rates coincide with the exact rates at the high-frequency end of the dispersion, where the motional-narrowing condition (4.7) is satisfied, and also at the low-frequency end, where the low-field condition (4.8) is satisfied. Even at intermediate frequencies, where neither condition is satisfied, the analytical expressions remain quite accurate with a maximum error of ∼−2% for the parameter values used in Fig. 2 . The maximum error in R 
D. Limiting forms
In the motional-narrowing regime, where the inequality (4.7) holds, Eqs. (4.14) and (4.15) reduce to the familiar 1, 14
(4.18)
In the low-field regime, where the inequality (4.8) holds, Eqs. (4.14) and (4.15) and the analogous expressions for ρ S and σ SI reduce to , and (4.20) yields for the zero-frequency limit of the integral relaxation rates in the dilute regime
Note that these two expressions are exact in the dilute regime. Figure 3 shows the variation of R . This maximum is reminiscent of the transition from fast to slow exchange in a two-state exchange model with a sparsely populated high-relaxivity state. 21, 35 However, in the EMOR model, the survival time is also the correlation time for the high-relaxivity state so "fast exchange" corresponds to the motional-narrowing regime. The maximum in R 1 (0) thus signals the breakdown of the motional-narrowing approximation. ) for different values of the mean survival time τ A . As expected, the dispersion shifts to lower frequency as site exchange is slowed down (making τ A longer). However, when τ A becomes longer than 1/ω D (10 μs in Fig. 4) , the position of the profile is less affected and in the ultraslowmotion limit, where (ω D τ A ) 2 1, the profile remains fixed on the ω I axis but decreases in amplitude on further increase of τ A . In the ultraslow-motion limit, Eqs. (4.14) and (4.15) yield ρ I = 4 9
23)
showing that the effective correlation time is ∼1/ω D . In this limit, information about site exchange kinetics is contained in the zero-frequency rate, but not in the position (and shape) of the dispersion profile on the frequency axis. As seen from Fig. 4 , while the analytical expressions based on Eqs. (4.14) and (4.15) are highly accurate in the slow-motion regime (and exact in the motional-narrowing regime), they are less accurate in the ultraslow-motion limit, particularly for R US 1 (ω I ). As the ultraslow-motion limit is approached, the dispersion profile becomes steeper. This feature, which is most pronounced for R US 1 (ω I ), is not captured by the analytical approximations based on Eqs. (4.23) and (4.24). Because the dispersion changes shape, the low-frequency part of the dispersion actually shifts to higher frequency with increasing τ A close to the ultraslow-motion limit (Fig. 4(a) ).
In the ultraslow-motion limit, the dispersion profile has a characteristic temperature dependence: the amplitude grows with increasing temperature, while the shape and position on the ω I axis are invariant. This follows since the dipole frequency ω D is essentially independent of temperature.
E. Breakdown of the motional-narrowing approximation
In the motional-narrowing regime, the integral relaxation rates R corresponds to the fast-exchange limit. However, when ω D τ A is sufficiently large to violate the inequality (4.7), these fastexchange (or motional-narrowing) expressions greatly overestimate the exact integral relaxation rates, as computed with Eqs. (4.2), (4.4), and (4.5).
A plausible but nonrigorous extension of the fastexchange result has been suggested, 18 where 25) and with the intrinsic integral relaxation rate R 1,A in state A given by expressions like Eqs. (4.12) and (4.13), but with intrinsic auto-relaxation and cross-relaxation rates obtained from Eqs. (4.17) and (4.18) after setting P A = 1. The expression (4.25) is of the same form as a well-known result 21 for the dilute regime, derived from the extended Bloch equations 35 (which do not take dipolar cross-relaxation into account). Equation (4.25) is the two-spin version of an approximate result previously derived for a homonuclear multispin system. 18 In Fig. 5 , we compare Eq. (4.25) with the exact diluteregime result based on Eq. (4.5). As expected, the two results agree at high frequencies, where the motional-narrowing condition (4.7) is obeyed, but diverge substantially at lower frequencies. The maximum error in R (0.7)% to 25 (48)% when τ A increases from 1 to 100 μs at χ D = 10 5 rad s −1 . In contrast to Eq. (4.25), the stochastic Liouville approach adopted here introduces site exchange in a rigorous way and without any restrictions on the mean survival time τ A . In the dilute regime, the measured R 1 is not in the "slowmotion" regime; as seen from Figs. 1-3 and 5, 1/ R 1 is then always much longer than τ A . The stochastic Liouville approach is needed because the intrinsic relaxation rate (which does not appear explicitly in our treatment) violates the motionalnarrowing condition unless the condition (4.7) is satisfied.
V. LIKE-SPIN RELAXATION DISPERSION
A. Homonuclear spin pair
If the spins I and S are both protons, their Larmor frequencies are not likely to differ by more than ∼10 ppm. Since the EMOR dispersion generally occurs below ω I ≈ 10 7 rad s −1 , we therefore expect that |ω I − ω S | < 10 2 rad s −1 , which is much less than ω D . For a proton pair, or a homonuclear (γ I = γ S ) spin pair in general, the inequality (2.6) is thus satisfied and we can set ω I = ω S throughout.
For pedagogical reasons and to keep the general notation already introduced, we shall obtain the like-spin results as a special case of the unlike-spin problem addressed in Sec. IV. However, it is possible, and computationally preferable, to obtain the like-spin results more directly by recognizing that we now have a I 2 triplet state and that the problem is isomorphic with that of a single quadrupolar spin-1. 6 The dimension of the spin Liouville space is then reduced from 16 to 9 (or from 15 to 8 after excluding the identity operator). There are no single-quantum coherences and the longitudinal Q = 0 block then only involves the magnetization (basis operator T 1 0 ) and rank-2 (quadrupolar) alignment (T 2 0 ). All results for the quadrupolar spin-1 case can thus be taken over directly by replacing the quadrupole frequency ω Q by the dipole frequency ω D and setting the asymmetry parameter to zero (since the magnetic dipole-dipole interaction is uniaxial). 6 Assuming nonselective excitation (σ 1 (0) = σ 2 (0)), which applies generally to field-cycling experiments, the integral longitudinal relaxation rate of the total magnetization of the spin pair is
,
where the matrix elements refer to the 15-dimensional twospin basis (Appendix B of the supplementary material 24 ), and the equality of the two forms follows since the two like spins must have the same relaxation properties. In other words, R 1 is the same irrespective of whether one observes both spins or only spin I. (Selective observation of spin I would be possible, for example, if spin S had a static dipole coupling to a third spin. But here we only consider an isolated spin pair.)
B. Dilute regime
For numerical calculation of R 1 in the dilute regime, we can drop the L Z superoperator in Eq. (4.5), because the Q = 0 block is now a null matrix. As in the unlike-spin case (Sec. IV), we can obtain approximate analytical results for R 1 by neglecting the dynamical coupling between magnetizations and two-spin order. Equation (4.10) reduces to σ 1 (0) = σ 1 (0)/(ρ + σ ), since ρ I = ρ S ≡ ρ and σ IS = σ SI ≡ σ in the like-spin case and σ 1 (0) = σ 2 (0) for nonselective excitation. Equation (4.1) then yields R 1 = ρ + σ . The desired analytical approximation is obtained by taking ρ and σ from Eqs. (4.14) and (4.15) with ω I = ω S , with the result
with the generalized spectral density
This approximate result coincides with the exact result in the low-field and motional-narrowing regimes and, as expected, it is of the same form as the corresponding result for a single spin I = 1 with a uniaxial quadrupole coupling. 6 In Fig. 6 , we compare the approximate analytical rate given by Eqs. (5.2) and (5.3) with the essentially exact rate computed numerically from Eqs. (5.1) and (4.5) (with L Z omitted). The approximate analytical rates coincide with the exact rates at the high-frequency end of the dispersion, where the motional-narrowing condition (ω D τ A ) 2 1 + (ω I τ A ) 2 is satisfied, and also at the low-frequency end, where the lowfield condition (ω I τ A ) 2 1 + (ω D τ A ) 2 is satisfied. Even at intermediate frequencies, where neither condition is satisfied, the analytical expressions remain quite accurate with a maximum error of ∼−2% for the parameter values used in Fig. 5 . The maximum error in R 1 varies from −0.04% to −5.5% when τ A increases from 1 to 100 μs at χ D = 10 5 rad s −1 . 3) . Here, the error is much larger, reaching 30% at low frequencies. The maximum error in R 1 varies from 0.7% to 50% when τ A increases from 1 to 100 μs at χ D = 10 5 rad s −1 .
VI. GENERALIZATIONS
Several generalizations of the basic EMOR model were considered in connection with the previous EMOR treatment of the quadrupolar spin I = 1 case. 6 With obvious modifications, those generalizations are applicable also to the dipolar two-spin case treated here. For simplicity, we shall only show how the approximate analytical results for the dilute regime are modified when the EMOR model is generalized. (As seen from Figs. 2 and 6, those results are likely to be sufficiently accurate for most purposes.)
We are thus concerned with the generalization of Eqs. (4.14)-(4.16) (unlike spins) or Eqs. (5.2) and (5.3) (like spins) when the EMOR model comprises, not one, but n A anisotropic states, each represented by an isotropic distribution of sites with mean survival time τ ν and fast anisotropic internal motions described by intrinsic auto-relaxation and cross-relaxation rates and an orientational order parameter S ν = ω D,ν /ω 0 D . In addition, a fast isotropic motion is associated with the isotropic bulk state (B).
For unlike spins, the generalized auto-relaxation rate is
where x ν is the fraction of all A sites that belong to state ν, and ρ
(τ ν , S ν ) is the EMOR contribution to the autorelaxation rate from state ν as given by Eq. (4.14) with τ A replaced by τ ν , and χ D and ω D multiplied by the order parameter S ν . Similarly, the generalized cross-relaxation rate is
For like spins, the integral relaxation rate in Eq. (5.2) is generalized to
These generalizations are rigorously valid only under certain conditions. Notably, the internal motion is assumed to be sufficiently fast that τ int ν is the correlation time for the internal motion in state ν. Furthermore, the internal motion is assumed to modulate the orientation (but not the length) of the internuclear vector r I S and to exhibit at least 3-fold symmetry, so that S ν = 1 − (3/2) sin 2 θ ν .
VII. CONCLUSIONS
We have presented a non-perturbative theoretical treatment of longitudinal relaxation induced by EMOR of the magnetic dipole coupling of a spin-1/2 pair. To our knowledge, this is the first treatment of dipolar relaxation dispersion outside the motional-narrowing regime. For the experimentally important dilute regime, we have obtained simple analytical results that remain accurate to better than a few percent over practically the entire parameter space. (The somewhat lower accuracy in the ultraslow-motion regime is of little consequence, since the R 1 contribution from such sites, being proportional to 1/τ A , tends to be negligibly small.) These analytical results provide conceptual insight and they can readily be incorporated in nonlinear optimization protocols for MRD data analysis.
So far, the main application of the EMOR theory for spin I = 1 has been to water 2 H MRD studies of cross-linked protein gels. 34 Such studies provide unique insights into intermittent structural dynamics and transient solvent penetration of globular proteins. 28, 34 Corresponding water 1 H MRD studies are less useful for extracting clear-cut biophysical information, since the smaller coupling constant (ω D is an order of magnitude smaller than ω Q ) allows more labile protons to contribute to R 1 in addition to well-defined internal hydration sites. Nevertheless, 1 H MRD can sometimes be a useful complement to water 2 H MRD measurements 20 and, in addition, can be used to study cosolvent interactions with proteins or other macromolecules.
Arguably, the most important application of the present results is to water 1 H relaxation in biological tissues, which is the primary determinant of contrast in magnetic resonance imaging. Despite several decades of work, there is still no consensus on the mechanism of water 1 H relaxation in biological tissues. We believe that the EMOR mechanism is the dominant source of water 1 H MRD in tissues and the present work represents a first step towards a rigorous and quantitative theory. We are currently extending the theory to larger spin systems, including the effects of coherent processes involving nonlabile protons with static dipole couplings.
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APPENDIX A: NOTATION
Here we elaborate on the notation introduced in Sec. III of the main text. Site exchange is modeled as a stationary Markov process, specified by an operator P (t)
obeying the operator master equation
with the initial condition P (0) = 1. The sites are represented by an orthonormal basis {|α } with the formal mathematical properties of a linear vector space, such as orthonormality and closure:
Taking matrix elements of Eq. (A.1) and using the closure relation, one recovers the usual form of the master equation:
where the propagator α| P (t) |β , more commonly written as P (α, t|β), is the conditional probability that a particular spin is in site α at time t given that it was in site β at time t = 0. The {|α } basis matrix representation of the operator equation (A.1) thus involves a square jump matrix α| W |γ and a square propagator matrix α| P (t) |β , wherein each column pertains to a particular initial site β.
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The probability that a particular spin is in site α at time t regardless of its initial location is given by the partially averaged propagator
where P β is the equilibrium population in site β. It is clear that P α (t) satisfies the same master equation as the conditional probability P (α, t|β).
The density operator σ(t), featuring in the stochastic Liouville equation (SLE) (3.1), describes the state of the IS two-spin system and the state of the relevant molecular degrees of freedom, specified by the site index α. We can therefore regard σ(t) as a vector in a composite space formed as the direct product {|KQ k I k S )} ⊗ {|α } of the spin Liouville space and the site space. In this direct-product space, the Liouvillian can be formally expressed as
From the orthonormality (A.2), it follows that L is diagonal in the site basis:
Formally, the exchange superoperator W in the operator SLE (3.1) is related to the jump operator W in the master equation (A.1) as
where E IS is the identity operator in the two-spin Liouville space. Consequently, W is diagonal in the spin basis.
There is a close analogy between the density operator σ(t) and the site operator P (t). We can thus define the conditional density operator α| σ(t) |β as the density operator for the sub-ensemble of all site trajectories that start out (at t = 0) in site β and occupy site α at time t. By taking matrix elements in the operator SLE (3.1) and using Eqs. (A.3), (A.7) and (A.8), we find, in analogy with Eq. (A.4),
In analogy with Eq. (A.5), we can define a partially averaged propagator,
The reduced density operator σ(t) , introduced in Sec. III of the main text, is the density operator averaged over all site trajectories, that is,
This Appendix is dedicated to an anonymous reviewer.
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APPENDIX B: SPIN OPERATOR BASIS
The irreducible spherical tensor operators (ISTOs) T K Q (k I , k S ) that span the Liouville space of the spin-1/2 pair are formed as linear combinations of products of the single-
For notational simplicity, we denote these operators by correspond to the odd-rank and even-rank, respectively, zero-quantum coherence. Table S1 : Order and explicit form of basis operators.
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The coefficients in A 3 and A 5 are a = 1/ √ 3 and b = 2/3.
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APPENDIX C: FORMAL SOLUTION
For the kinetic model considered here, the exact result for the site-averaged resolvent superoperator is
where 
we obtain
where the numerical values of c I and c S are evident from Eq. (D.8).
The matrix elements of L D (Ω) are obtained from Eq. (2.3) and the Liouville space Wigner-Eckart theorem.
Since H D (Ω) is Hermitian, matrix elements with K < K can be obtained from the S8 symmetry relation
In general, the matrix elements in Eq. (D.3) depend on two angles Ω = (θ, ϕ). The angle ϕ describes a rotation about the B 0 field axis and θ is the angle between the B 0 field and the internuclear I − S vector.
The explicit matrix representation M, in the spherical multipole basis, of the superoperator
the inverse of which appears in the integrand of Eq. 
The nonzero off-diagonal elements can all be expressed in terms of three quantities:
The complete M matrix is given in Eq. (D.8) with the basis operators ordered as in Table S1 . Here, The truncated H K Q polynomials are derived in Appendix F. After isotropic averaging over the angle θ, they can be expressed as , (E.8)
where we have introduced the generalized spectral densities
(E.10)
To be consistent with the preceding treatment, we discard the mixed terms, of order We thus obtain, . (E.14)
Equations (E.13) and (E.14) correspond to Eqs. (4.14) and (4.16) of the main text.
It follows from the symmetry of the problem that the auto-relaxation rate ρ S is given by an expression identical to Eq. (E.13), except that L I and L S are interchanged throughout.
We now consider the cross-relaxation rate σ IS in Eq. (4.11c). Because the operator basis is orthonormal, we can replace the superoperator B by 1 − B in the off-diagonal element in Eq. (4.11c). We can then proceed in the same way as for the auto-relaxation rate ρ I , obtaining
This result differs in two ways from the corresponding result for ρ I . First, because of the sign of the cofactors, all terms have the opposite explicit sign compared to the case of ρ I . Second, the minors (2 |∆| n) now involve row 2 rather than row 1.
Inspection of the M supermatrix in Eq. (D.8) shows that the first and second rows are identical except for a sign reversal in columns 4, 8 and 12. As a result, we obtain in place of Eq. (E.2)
